Abstract. We prove an equivariant version of Beilinson's conjecture on non-critical L-values of strongly modular abelian varieties over number fields. As an application, we prove a weak version of Zagier's conjecture on L(E, 2) and Deninger's conjecture on L(E, 3) for non-CM strongly modular Q-curves.
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The equivariant Beilinson conjecture
Notations. For any Q-vector space V and any field F of characteristic 0, we put V F = V ⊗ Q F . For any ring R, we denote by Z(R) the center of R.
1.1.
Chow motives with coefficients. Let us review some background material on Chow motives. In view of our results, we allow Chow motives to be defined over arbitrary number fields and to have coefficients in an arbitrary subfield of Q. This setting is more convenient in order to apply Beilinson's theorem on modular curves, which really is a theorem with Q-coefficients.
Let K be a number field, and let E be a subfield of Q. The category CHM K (E) of Chow motives over K with coefficients in E consists of triples (X d , p, n) where X d denotes a d-dimensional smooth projective K-variety, p ∈ CH d (X × K X) ⊗ E is an idempotent and n ∈ Z ([16, Chapter 2], [13, §4] ). Morphisms between two objects M = (X d , p, m) and N = (Y e , q, n) in CHM K (E) are given by
Note that End(M ) is an E-algebra, and every idempotent e ∈ End(M ) has kernel and image in CHM K (E). Let M = (X d , p, n) ∈ CHM K (E) be a Chow motive, and let 0 ⩽ i ⩽ 2d be an integer. We can attach to M and i the following system of realizations, which we denote by the formal notation H i (M ):
• for any embedding σ ∶ K ↪ C, the Betti realization 
By definition, the weight of H i (M ) is i − 2n. Let A be an E-algebra. We denote by CHM K (A) the category of Chow motives in CHM K (E) endowed with an action of A. Its objects are pairs (M, ρ) with M ∈ CHM K (E) and ρ ∶ A → End(M ) is a morphism of E-algebras. Morphisms in CHM K (A) are morphisms in CHM K (E) commuting with the action of A. The category CHM K (A) is additive but not abelian. If M ∈ CHM K (A) then all realizations of M have natural structures of left A-modules, and the comparison isomorphisms are A-linear. If e ∈ A is an idempotent then we may define e(M ) ∈ CHM K (eAe).
Assume A is finite-dimensional and semisimple. Conjecturally, we then have an equivariant Lfunction L( A H i (M ), s) (s ∈ C) with values in the center Z(A C ) of A C ∶= A ⊗ Q C. This function is meromorphic in the sense that for every embedding σ of E into C, the function s ↦ L( A H i (M ), s) σ ∈ Z(A ⊗ E,σ C) is meromorphic. In the case A = E, we recover the usual L-function L * (H i (M ), s). For any M ∈ CHM K (A) and any integer n ∈ Z, we denote by M (n) ∶= M ⊗ E(n) the Tate twist of M by n. Recall that
For any motive M = (X d , p, n), we denote by M * = (X d , t p, d − n) the dual motive. Remark 1. Let X d be a d-dimensional smooth projective K-variety. The motive h(X) is defined as (X, ∆ X , 0). The standard conjectures imply that there exists a direct sum decomposition
such that the realization functor H i factors through the projection h(X) → h i (X). Such a decomposition is known in the case X K is an abelian variety [8] , which is the only case we will consider in this paper. In this case, we even have canonical Chow-Künneth projectors p 0 , . . . , p 2d ∈ End(h(X)) such that (X, p i , 0) ≅ h i (X) for every 0 ⩽ i ⩽ 2d. These projectors are compatible with morphisms of abelian varieties [8, Prop 3.3] .
Remark 2. Although we do not assume that E Q is finite, we may in practice reduce to this case thanks to the following fact. If A is any finite-dimensional E-algebra acting on M ∈ CHM K (E), there exists a finite subextension E 0 Q of E Q, a motive M 0 ∈ CHM K (E 0 ) and a finite-dimensional E 0 -algebra A 0 acting on M 0 such that (M, A) arises from (M 0 , A 0 ) by extending the scalars from E 0 to E.
1.2.
Relative K-theory. Let E be a subfield of Q, and let A be a finite-dimensional semisimple E-algebra. The A-equivariant versions of the Beilinson conjectures are most conveniently formulated using the relative K-group K 0 (A, R). Recall that K 0 (A, R) is an abelian group generated by triples (X, f, Y ) where X and Y are finitely generated A-modules and f ∶ X R → Y R is an isomorphism of A R -modules [26, p. 215] . Note that X and Y are automatically projective since A is semisimple (however, some care is needed since A R need not be semisimple). This group sits in an exact sequence [26, Thm 15 .5]
Proof. It suffices to consider the case where A is simple, in other words A = M n (D) for some division algebra D over E. Since K 0 (M n (B)) is canonically isomorphic to K 0 (B) for every ring B, it suffices to prove the injectivity of
Since A is semisimple, we have a reduced norm map nr
Lemma 5. The reduced norm map nr is injective.
Proof. We may assume that A is a central simple algebra over E. If E is a number field, the result is proved in [6, (45.3) ]. In the general case, write A = A 0 ⊗ E 0 E where E 0 is a finite subextension of E Q and A 0 is a finite-dimensional semisimple E 0 -algebra. Then A = lim
, and the result follows from the injectivity of the reduced norm map for
If E is a number field, then A R and A C are semisimple so we also have reduced norm maps on K 1 (A R ) and K 1 (A C ). In the general case, writing A as a direct limit as in the proof of Lemma 5, we construct reduced norm maps
× which make the following diagram commute:
By Lemma 5 and diagram (4), the map
The exact sequence (3) thus simplifies to
Example 1. Let us consider the classical case, namely
Moreover, using this identification, the class of
is none other than the determinant of f with respect to bases of X and Y .
Lemma 6. The map nr R is injective and the map nr C is an isomorphism. Moreover, the left-hand square of diagram (4) is Cartesian: identifying the groups K 1 (A), K 1 (A R ) and Z(A) × with subgroups of Z(A R ) × , we have
Proof. Writing (4) as a direct limit of commutative diagrams, we may assume that E is a number field. We may also assume that A is a central simple algebra over E. The injectivity of nr R and the bijectivity of nr C are proved in [6, (45.3) ]. Let Σ ∞ be the set of archimedean places of E. For any
Let Σ be the set of places v ∈ Σ ∞ such that E v = R and A v is isomorphic to a matrix algebra over the real quaternions. By [6, (45. 3)], we have
In particular the image of nr R contains the connected component of identity in
× , the first identity of (6) follows. The second equation is an immediate consequence of (7) and (8) .
Following the terminology of [4, §4.2], the extended boundary mapδ
× which vanishes on Z(A) × (such an extension exists and is unique by Lemma 6) .
Let X, Y, Z be finitely generated A-modules, together with a short exact sequence of A R -modules
Since Z R is projective over A R , this sequence splits and the map β admits a section
is independent of the choice of s. 
Let us briefly recall the definitions of the cohomology groups involved. The relevant motivic cohomology group is given by
where
) the subspace of integral elements defined by Scholl [24] .
The Deligne cohomology group can be expressed as follows. Let c ∈ Gal(C R) denote complex conjugation. The isomorphisms c
, which makes the following diagram commute
where c B acts by ±1. The diagram above induces an isomorphism
The Deligne period map is the canonical map
Since the motive M (n) has weight i − 2n < 0, we have
The Deligne cohomology group of M is then given by the cokernel of α :
Conjecture 7 (Beilinson) . The regulator map r Б is an isomorphism.
The idea is that both the domain and codomain of the regulator map carry natural A-structures, and comparing these two A-structures is enough to determine the equivariant L-value up to an element of Z(A)
× . The Deligne period map and the Beilinson regulator map are A R -linear, and (10) is an exact sequence of A R -modules. Assuming Conjecture 7, the exact sequence (10) together with r Б yields a canonical element
We may now formulate the conjecture on the L-value as follows.
Conjecture 8 (Burns-Flach).
Let n > i 2 + 1 be an integer. We have the following equality in (11) is just a restatement of the usual conjecture.
Assuming the meromorphic continuation of the equivariant L-function, we may reformulate Conjecture 8 using L-values at integers to the left of the central point. For this we use a different A-structure in Deligne cohomology. Using (9), we may also express Deligne cohomology as
where the first arrow is induced by the projection on the second factor of (9). Assuming Conjecture 7, the exact sequence (12) together with r Б yields a canonical element ϑ
Since A is a semisimple algebra, we have a reduced rank morphism
with values in the group of Z-valued functions on Spec Z(A) [4, §2.6, p. 510]. For any embedding σ of E into C, we have a canonical morphism Spec Z(A σ ) → Spec Z(A), from which we get a morphism
Conjecture 9 (Burns-Flach). Let n > i 2 + 1 be an integer. For any embedding σ ∶ E ↪ C, we have
Remark 4. The reduced rank in (13) depends only on the realization of M in Deligne cohomology if we assume Conjecture 7.
In general these conjectures are out of reach as we cannot prove that the motivic cohomology groups are finite-dimensional. Therefore, one often uses the following weakened conjecture.
Conjecture 10. There exists an
by means of the exact sequence (10) (resp. (12)). Then we have the equalitieŝ
Remark 5. We may ask for a property which is stronger than (15) , namely that r Б induces an isomor-
Finally, let us spell out the conjecture in the particular case of abelian varieties. Let B be an abelian variety defined over a number field K. Consider the motive with Q-coefficients
and we denote by
and takes values in Z(A C ). Let B ∨ be the dual abelian variety of B. The Poincaré bundle on
i be the decomposition of B into K-simple factors up to isogeny, and let
Furthermore, let ϑ ∞ (W ) be the element of K 0 (A, R) arising from the exact sequence
Then we haveδ
1.4. Base changes of Chow motives. If R is any ring and G is any group acting on R by ring automorphisms, the twisted group ring R{G} is the free R-module with basis G, endowed with the product
Let L K be a Galois extension of number fields, with Galois group G. There is a canonical base change functor
In particular, we have a canonical morphism of E-algebras
Chow motive over L, but we may also consider it as a Chow motive over K.
Proof. For any smooth projective L-variety Y , we have
where Y σ L denotes the conjugate variety. Thus we have an isomorphism of abelian groups
The ring structure can be described as follows. For any
commutes with the action of G, so that we get a corresponding decomposition
We will also need the following lemma from non-commutative algebra.
Lemma 13. If A is a semisimple Q-algebra and G is a finite group acting on A by Q-automorphisms, then A{G} is semisimple.
Proof. Let M be an arbitrary A{G}-module. Let us show that every submodule N of M is a direct factor. Since A is semisimple, there exists an
It is easy to check that p ′ is A-linear and commutes with the action of G, so that p ′ is A{G}-linear. Moreover p ′ (x) = x for all x ∈ N , so that N is a direct factor of M .
Let B be an abelian variety defined over K, and let
Note that A and G commute if and only if all endomorphisms of B L are defined over K. We may consider the equivariant L-function L( A{G} B L , s) and formulate a conjecture on the values L( A{G} B L , n), n ⩾ 2 as in §1.3. Note that this conjecture specializes to a conjecture on all Artin-twisted L-values L(B ⊗ ρ, n) for any finite-dimensional complex representation ρ of G and any integer n ⩾ 2.
1.5. Functoriality. In this section we recall functoriality results for the equivariant Beilinson conjecture. Note that all compatibility results below are studied and proved by Burns and Flach in the more general setting of the equivariant Tamagawa number conjecture [4] . In the following results, the « equivariant Beilinson conjecture » means any of the Conjectures 7, 8, 9, 10.
As a first step, the equivariant Beilinson conjecture is clearly compatible with taking direct sums of Chow motives. We next study the behaviour of the conjecture under change of coefficients.
Proposition 14. Let E, E
′ be subfields of Q with E ⊂ E ′ . Let A be a finite-dimensional semisimple E-algebra, and let
. Moreover, the regulator map associated to (M ′ , i, n) is obtained from the regulator map associated to (M, i, n) by tensoring with E ′ over E. Since the extended boundary map is functorial, we are thus reduced to show that the canonical map
A is a central simple algebra over E. We have a commutative diagram
We may identify all the K 1 -groups with subgroups of Z(A ′ R ) × . Let x ∈ K 0 (A, R) be in the kernel of ι, and let
× . Looking at the conditions (7) and (8) 
be the motive obtained by restricting the action to A. Let i, n be integers such that
Moreover, if ρ is surjective then the converse holds.
Proof. The map ρ induces an exact functor from the category of finitely generated B-modules to the category of finitely generated A-modules, which in turns induces maps ρ * on K-groups. Assume the equivariant Beilinson conjecture for L( B H i (M ), n). Let B ϑ ∞ be the corresponding element of K 0 (B, R), and let A ϑ ∞ = ρ * ( B ϑ ∞ ). By Lemma 6, we have isomorphisms
We use these to define a norm map ρ
× , and we are left to
show that ρ * commutes with the extended boundary map, in other words that ρ * ○δ B =δ A ○ ρ * . This identity is true on K 1 (B R ) because the boundary map is functorial, and it is true on Z(B)
× because
Assume ρ is surjective. By the discussion above, it suffices to prove that ρ
Since A is semisimple, we must have an isomorphism A ≅ B × B ′ such that ρ becomes the canonical projection. Then K 0 (A, R) ≅ K 0 (B, R) ⊕ K 0 (B ′ , R) and the result is clear.
Proposition 16. Let E be a subfield of Q, and let A be a finite-dimensional semisimple E-algebra. Let e be a nonzero idempotent of A, and let A ′ = eAe. Let M = (X, p, 0) ∈ CHM K (A) be a Chow motive, and let i, n be integers such that 0 ⩽ i ⩽ 2 dim X and n >
Proof. The algebra A ′ is semisimple (see [2, §9, Exerc. 10d, p. 162]). We have an exact functor e * sending a finitely generated A-module V to the A ′ -module V ′ = e(V ). It induces maps e
Moreover, we have a morphism of E-algebras e * ∶ Z(A) → Z(A ′ ) sending x to exe. By definition of the reduced norm map, the diagram (25) 
, n), and let A ϑ ∞ be the corresponding element of K 0 (A, R). Applying e * to all objects appearing in the Beilinson regulator map, we see that the element of K 0 (A ′ , R) associated to the regulator map for A ′ H i (e(M )) is simply e * ( A ϑ ∞ ). Thus the equivariant conjecture for L( A ′ H i (e(M )), n) holds.
Modular abelian varieties
In this section and §3, we fix a newform f of weight 2 on Γ 1 (N ). We always assume that f doesn't have complex multiplication. Let K f ⊂ C be the number field generated by the Fourier coefficients of f .
Let A f Q be the modular abelian variety attached to f . It is defined as the quotient J 1 (N ) I f J 1 (N ), where J 1 (N ) is the Jacobian of the modular curve X 1 (N ), and I f is the annihilator of f in the Hecke algebra. There is a natural isomorphism K f ≅ End Q (A f ) ⊗ Q, which shows that A f is simple over Q. In general, the abelian variety A f is not absolutely simple. We first recall a standard result on the simple factors of A f over a given extension of Q.
Fix a subfield F of Q. Let X = End F (A f )⊗Q be the endomorphism algebra of (A f ) F . The following theorem was proved by Ribet [21, Thm 5.1] in the case F = Q. The general case follows rather easily from this case.
Theorem 17.
(a) The center k of X is a subfield of
2 . (c) The abelian variety A f is isogenous over F to the power of a simple abelian variety B f,F F . (d) The abelian variety B f,F is unique up to F -isogeny. Moreover, if F Q is Galois, then B f,F is F -isogenous to all its Gal(F Q)-conjugates.
Proof. Since f doesn't have complex multiplication, the abelian variety (A f ) Q has no abelian subvariety of CM-type. This implies that K f is its own commutant in End Q (A f ) ⊗ Q (see the proof of [20, Prop.
5.2]), which proves (a)
. Now X is a central simple algebra over k, and K f is a (semisimple) maximal commutative subalgebra of X, so that
, which proves (b). Moreover k being a field means precisely that A f is F -isogenous to the power of a simple abelian variety over F , which proves (c). Finally (d) follows from the unicity of decomposition of (A f ) F into simple factors up to isogeny, together with the fact that A f is defined over Q.
Remark 6. In the particular case where F Q is Galois and B f,F is an elliptic curve, Theorem 17(d) says precisely that B f,F is a Q-curve completely defined over F in the terminology of [19, p. 286] .
It is known that the minimal number field over which all endomorphisms of A f are defined is an abelian extension of Q [11, Prop. 2.1].
We next show that the L-function of B f,F can be expressed as a product of twists of L-functions of conjugates of f . Note that B f,F is defined only up to F -isogeny, but it makes sense to speak of its L-function.
Let V be the Tate module of A f with coefficients in Q . It carries an action of G Q = Gal(Q Q). After choosing an isomorphism Q ≅ C, we have a decomposition
where V f σ denotes the 2-dimensional Q -representation of G Q associated to f σ . This decomposition is compatible with the action of K f , where K f acts on V f σ through σ. Let G = Gal(F Q), and letĜ be the group of complex-valued characters of G. We will identify elements ofĜ with Dirichlet characters in the usual way.
Lemma 18. Let σ, τ ∶ K f ↪ C. The following conditions are equivalent :
(a) The restrictions of V f σ and
If these conditions are satisfied, then the character χ in (b) is unique.
Proof. Since f doesn't have complex multiplication and the action of G F on V is semisimple [9, Satz 3] 
Taking the traces of Frobenius elements, we get τ (a p ) = σ(a p )χ(p) for almost all primes p, which implies 
The field k acts on V f σ and V f τ through σ and τ respectively. If V f σ G F ≅ V f τ G F , then these actions should match, and this means that σ k = τ k .
(c) ⇒ (a). Since (a) implies (c), there are at least [k ∶ Q] distinct G F -isomorphism classes among the V f σ 's. Should there be more, then the center of X ⊗ Q would have dimension greater than [k ∶ Q]. But this center is k ⊗ Q Q , which gives a contradiction.
The unicity of χ follows from the fact that f has no complex multiplication.
Consider the equivalence relation on Hom(K f , C) given by Lemma 18, namely
Taking L-functions of both sides, and using Artin formalism, we get
The formula for L(B f,F F, s) follows.
Conversely, we have the following result, which follows from the work of Guitart and Quer [12] . The abelian varieties whose L-functions are products of L-functions of newforms of weight 2 are called strongly modular in [12] . By Theorem 20, every non-CM strongly modular abelian variety over a Galois number field is a Q-variety, in the sense that it is isogenous to all its Galois conjugates. In the particular case of elliptic curves, this gives the following result.
Corollary 21. Let E be an elliptic curve without complex multiplication over a Galois number field F such that L(E F, s) is a product of L-functions of newforms of weight 2. Then F Q is abelian, and there exist a newform f of weight 2 without complex multiplication such that E is F -isogenous to B f,F .
In particular E is a Q-curve completely defined over F . It was predicted by Serre that the Q-curves are precisely the elliptic curves which arise as quotients of J 1 (N ) over Q. This is now a theorem thanks to the work of Ribet [20] and the proof of Serre's modularity conjecture (see [14, Thm 7.2] ). It follows that every Q-curve E Q is isogenous over Q to B f,Q for some newform f of weight 2. It seems an interesting question to determine a minimal field of definition for this isogeny in terms of the arithmetic of E. By Corollary 21, every non-CM strongly modular Q-curve E F is completely defined over F . The converse is not true, even if F Q is abelian : see the introduction of [12] for a counterexample with F = Q( √ −2, √ −3). However, if F is a quadratic field, then every non-CM Q-curve completely defined over F is strongly modular, so that our results apply to these Q-curves. In the general case, necessary and sufficient conditions for strong modularity in terms of splittings of 2-cocycles are worked out in [12, Thm 5.3, Thm 5.4].
3. Modular curves in the adelic setting 3.1. Notations and standard results. Let us recall the notations of [3, §4] . Let A f be the ring of finite adèles of Q. To any compact open subgroup K of GL 2 (A f ) is associated a smooth projective modular curve M K over Q, whose set of complex points M K (C) is the compactification of the Riemann surface
, given at the level of complex points by (τ, h) ↦ (τ, hg). The Hecke algebraT K is the space of functions K GL 2 (A f ) K → Q with finite support, equipped with the convolution product [5] . We may identifyT K with its image in the Q-algebra of finite correspondences on M K by sending the characteristic function of KgK to the correspondenceT (g) = T (g) K defined by the diagram (29)
where π = π K∩g −1 Kg,K and π
The space Ω 1 (M K ) carries a natural structure of leftT K -module, and we denote by
The ringT K also acts from the left on H 1 (M K (C), Q), and this action factors through T K . In fact, Poincaré duality induces a perfect bilinear pairing
where the direct limit is taken with respect to the pull-back maps π * K ′ ,K . This space carries a natural GL 2 (A f )-action, and for any K we have
The space Ω decomposes as a direct sum of irreducible admissible representations Ω(π) of GL 2 (A f ). Let Π(K) be the set of those representations π satisfying Ω(π) K ≠ {0}. We have a direct sum decomposition
Lemma 22. The natural map
is an isomorphism. In particular T K is a semisimple algebra.
Proof. The above map is injective by definition of T K . The surjectivity follows from Burnside's Theorem [2, §5, N°3, Cor. 1 of Prop. 4, p. 79]. The algebra T K ⊗ Q, being a product of matrix algebras over Q, is semisimple. This implies that T K is semisimple [2, §12, N°7, Cor. 2 a), p. 218].
As a consequence of Lemma 22, note that for each π ∈ Π(K), the center Z(T K ) acts on Ω(π)
Let p be a prime number, and let p be the element of A × f whose component at p is equal to p, and whose other components are equal to 1. The Hecke operatorT (p) =T (p) K ∈T K is defined as the characteristic function of the double coset K p 0 0 1 K, and the Hecke operatorT (p, p) = (p, p) belong to the center ofT K . In this case T (p) and T (p, p) act by scalar multiplication on each Ω(π) K .
3.2.
Base changes of Hecke correspondences. In this subsection, we assume that det(K) =Ẑ × , which means that M K is geometrically connected. Let F be a finite abelian extension of Q, with Galois group G = Gal(F Q). Let U F be the subgroup ofẐ × corresponding to F by abelian class field theory. We have an isomorphismẐ
The determinant map induces an isomorphism K K F ≅ G. The modular curve M K F is canonically isomorphic to the base change M K ⊗ Q F . The group G acts on the right on Spec F and M K F . This induces a left action of G on
There exists a unique element σ ∈ G such that δ ○ β = σ * ○ δ ○ α. We say that T is defined over F if σ = id G , which amounts to say that δ ○ α = δ ○ β.
We denote byT
We now restrict to the case
The associated modular curves are
Let us recall the relation between Hecke operators on X 1 (N ) and X 1 (N ) F . Define the base change morphism
× , let σ α denote its canonical image in G. The following lemma was proved in [3, Lemma 13] .
Lemma 24. For any prime p not dividing N m, we have
Now let f be a newform of weight 2 on Γ 1 (N ). Fix an embedding σ ∶ K f ↪ C and a character χ ∈Ĝ, and let π(f σ ⊗χ) be the automorphic representation of GL 2 (A f ) associated to the newform f σ ⊗χ. We
The following lemma was proved in [3, Lemma 15] .
3.3. Modularity of endomorphism algebras. In this section, we show that all endomorphisms of A f defined over abelian extensions of Q are modular, in the sense that they come from the Hecke algebra. This is the main technical ingredient in order to apply Beilinson's theorem on modular curves. That all endomorphisms of A f over Q are modular was proved by Ribet [21] using a construction of Shimura [25] . It also appears in the work of González-Lario on Q-curves [11] . Our approach is different in that we study endomorphisms defined over a given abelian extension of Q. Moreover, the statement and proof are completely automorphic and don't involve explicit computation of Hecke operators. In this section, we fix a finite abelian extension
such that for any T ∈ T ′ N,F , we have ρ ′ (T ) * = T and for any σ ∈ G, we have ρ(σ) = σ.
Proof. The cotangent space of J 1 (N ) F at the origin is given by Ω 1 (J 1 (N )) F and can be identified canonically with Ω N,F . We define the map End F (J 1 (N )) → End F (Ω N,F ) by sending an endomorphism ϕ of J 1 (N ) F to its cotangent map Cot(ϕ) at the origin. IfT is a finite correspondence on X 1 (N ) F defined over F , and T is the canonical image ofT in End F (Ω N,F ), then by definition of the Jacobian variety, there is a unique endomorphism ϕ(T ) ∈ End F (J 1 (N )) ⊗ Q such that the Cot(ϕ(T )) = T . In particular, the restriction of the mapT ↦ ϕ(T ) toT 
We may and will identify Ω f,F with its image in Ω N,F by means of the canonical injection π *
Base changing to F , we get an exact sequence
The dual exact sequence is Lie(I f J 1 (N )) F , which means exactly that T leaves stable Ω f,F .
As a next step, we determine how A f interacts with the Hecke algebra. Fix an embedding of Q into C. For any σ ∶ K f ↪ C, the differential form ω f σ = 2πif σ (z)dz defines an element of Ω 1 (X 1 (N )) ⊗ Q, and the elements (ω f σ ) σ∶K f ↪C form a Q-basis of Ω 1 (A f ) ⊗ Q. By the normal basis theorem, the
Proposition 28. We have a direct sum decomposition
Proof. The decomposition (37) follows from the equality Ω f,
2 on L. The result now follows from Lemma 25 together with the multiplicity one theorems [17] .
Remark 9. If n ⩾ 3 then the localization sequence in K-theory implies that
In the case n = 2, Schappacher and Scholl [22, Thm 1.1.2(iii)] later proved that (2)). Let us now reformulate Beilinson's theorem using the equivariant formalism of §1. The Hecke algebra T K acts on the Chow motive H 1 (M K )(n), thereby defining an element of CHM Q (T K ). The following result is probably well-known to the experts, but doesn't seem to appear in the litterature.
Theorem 31 (Equivariant version of Beilinson's theorem). Conjecture 10 holds for L( T K H 1 (M K ), n).
Proof. By Proposition 14, it suffices to prove Conjecture 10 for L( A M, n) where M = H 1 (M K ) ⊗ Q and A = T K ⊗ Q. We have a direct sum decomposition M = ⊕ π∈Π(K) M (π) in CHM Q (A), where the structural morphism A → End(M (π)) factors through A π ∶= End Q (Ω(π) K ) (see Lemma 22) . Moreover L( Aπ M (π), s) = L(π, s). By Proposition 15, it suffices to establish Conjecture 10 for L( Aπ M (π), n). By construction, the Beilinson subspace W n is stable under T K . For any π ∈ Π(K), let W n (π) be the subspace of W n ⊗ Q cut out by the character θ π,K . We may identify W n (π) with a subspace of H 2 M Z (M (π), Q(n)). Since the Beilinson regulator map is T K -equivariant, we have r Б (W n (π)) = R(π). But Beilinson's theorem R(π) = L ′ (π, 2−n)⋅H(π) means precisely that the element ϑ ∞ (W n (π))
Theorem 32. Let f be a newform of weight 2 without complex multiplication, and let F be a finite abelian extension of Q. Let X = End F (A f )⊗Q and G = Gal(F Q). For every integer n ⩾ 2, Conjecture 10 holds for L( X{G} H 1 (A f F ), n).
Proof. Assume f ∈ S 2 (Γ 1 (N )) is a newform of level N . We use Theorem 31 with the subgroup K = K 1 (N ) F defined in 3.2, so that M K = X 1 (N ) F . Let J 1 (N ) F be the Jacobian of X 1 (N ) F . We have an isomorphism Corollary 34. Let A be an abelian variety over a Galois number field K such that L(A K, s) is a product of L-functions of newforms of weight 2 without complex multiplication. Let X = End K (A) ⊗ Q. For every integer n ⩾ 2, Conjecture 10 holds for L( X A, n).
In the particular case of Q-curves, this gives the following result.
Corollary 35. Let E be a Q-curve without complex multiplication over a number field K such that L(E K, s) is a product of L-functions of newforms of weight 2. For every integer n ⩾ 2, Conjecture 10 holds for L(E K, n).
This result has the following consequence on Zagier's conjecture on L(E, 2) and Deninger's conjecture on L(E, 3) for Q-curves (see [3] and [10] for how to derive Corollary 36 from Corollary 35).
Corollary 36. Let E be a Q-curve without complex multiplication over a number field K such that L(E K, s) is a product of L-functions of newforms of weight 2. Then the weak forms of Zagier's conjecture on L(E K, 2) and Deninger's conjecture on L(E K, 3) hold.
